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Counting the Generators of a Polarized Neural Ideal

Neural Codes and Neural Ideals

A neural code is a subset C C {0,1}", which we interpret as a set of binary
patterns of neural activity for a set of neurons labeled [n] = {1,...,n}.

A pseudomonomial is a polynomial of the form
f=1]x]l0—-2) € R =Flay,...,z,)
1€E0 JET
for some o,7 C [n] witho N1 = 0.

Given a neural code C, the associated neural ideal is
Jo = (f a pseudomonomial | f(c)=0forallce C) C R.

Example: The set C = {000, 100,010,101} is a neural code on 3 neurons and the
corresponding neural ideal is Je = (.CEg(l — 1), ajlxg). Notice that

I2($3(1 — $1)) + 373(561372) = x93 € Jp.

Polarization

Let S = Ry, ..., y,]. The following map of pseudomonomials

P:R— S

[[# ][0 =) — [z ]] vy

1€0  JET 1€0 JET
is called the polarization map. [2]

Given a neural code C, the polarization of J¢ is
P(Je) = (P(f) | fedeisa pseudomommial) CS.

Example: Recall the neural ideal J; = (:1:3(1 — 1), ZElxg) C R. If we polarize these
generators, we get

I = (513391, $1332) # P(Je)

because xox3 € Je and P(xox3) ¢ I. The polarization of Je is actually
P(Jc) = (373y1> T122, 51325133) CS.

We say that a squarefree monomial ideal I C S is a polarized neural ideal (PNI)
If there exists a neural code C such that I = P(J¢).

Example: P(Jc) = (Igyl, X1X2, 5132[63) IS a PN|, I = (Qfgyl, 51315132) IS not a PNI.

A monomial m is non-Boolean if x;y; 1 m for all 7. A squarefree monomial ideal I
Is non-Boolean if all its minimal monomial generators are non-Boolean.

Remark: If I C S is a PNI, then I is non-Boolean.

Motivating Question

Question 1: Given a squarefree monomial ideal in T := Fy|vy, . . ., v9,] With 2n

variables, how can we tell if there is a way to relabel the variables so that the
ideal is a PNI?

One strategy to answer this question is to study invariants of PNIs.
Question 2: If I'is a PNI, what are the possible values for u(I)?

We will answer this question in the quadratic case, which allows us to conclude
that there is no relabeling under which

[ — (Ul?}Q, U3V4, UrVg, VU4, ?)3”05) g FQ[Ul, .« . ,?}6]

Is a PNI.
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General Bounds

Theorem (Sperner, 1928): Let I C S be a squarefree monomial ideal. Then

pull) < (?)

Equality holds if and only if I = (m squarefree monomial | deg(m) =n )

3

u(I) < (Z’) 2

Equality holds if I = (m non—-Boolean squarefree monomial ‘ deg(m) = d).

Theorem: Letn > 2 and let d = P—ﬂ f I C S isanon-Boolean ideal, then

Remark: The maximizers in both of these theorems are not PNIs.

Bounds for Equigenerated Ideals

Consider the following set:
V@ .— Lu(I)| I C Sis a d-equigenerated PNI}.

Theorem: For 1 < d < n,

max (szd)) < (Z) 201

Fquality holds for d € {1,2,n}. Moreover,
YW =1[n] and V™ = {2”_1} .

Quadratic Machinery

To describe V) we view a quadratic PNI as the edge ideal of an underlying
simple graph. Since PNIs are non-Boolean, these graphs are n—partite via the
vertex subsets Z; = {x;, y;}, which we call the columns of the graph.

A matching in a bipartite graph is a collection of edges where no two edges
share a vertex. A perfect matching is a matching where every vertex in the graph
IS Included Iin some edge from the matching.

Lemma:

1. If I C Sis a PNI, then the edges between any two columns in its underlying
ograph form a matching.

2. 1f I C Sisa PNI, then having a perfect matching between a pair of columns
in the underlying graph is an equivalence relation on the columns.

3. fICSisaPNland F,H C{~Z,,...,Z,} are equivalence classes under the
perfect matching relation, then the number of edges between F' and H Is
either O or |F|- |H|.

Characterizing V%

Theorem: Let n > 2. Then

vi'= U

(a,...,ar)Fn

\

{2%(‘;% S lyasa | 0y € {0,133\ {01,

i=1 1<s<t<k )

Example: Véz)

To build a quadratic PNI, we must first partition the columns into equivalence
classes, then choose which classes are linked.

1 Class 2 Linked Classes | 2 Unlinked Classes

Vo e

6 € Y 1e Y 2 e PP
3 Classes, All Linked | 3 Classes, 2 Links 3 Classes, 1 Link

n—z @ @ @ @
2

3 e Y 2 VY 1 eV

So VW = {1,...,4} U {6).

Quadratic Maximizers

Definition: The support of a codeword ¢ € C is supp(c) = {7 € [n] | ¢; = 1}.
Theorem: Let I C S be a quadratic PNI. The following are equivalent:
1. w(I) =n(n —1) = max(V?).

2. For some o C |n],

[ = (z;x;, yy; | exactly one of 4,7 isin o)
+ (x4, yiz,; | none or both of 4, j is in o).

3. I ="P(Je) where C = {c,d} such that supp(c) U supp(d) = [n]
When the equivalent conditions hold,

oc={1yU{t|z1y; € G(I)} = supp(c)
in 2. and 3.

Example: Quadratic Maximizers on 3 Neurons

When n = 3, there are two maximal quadratic PNls, up to relabeling the neurons:

X1 X9 T3 X1 L9 23

Y1 Yo Y3 Y1 Yo Y3

C = {OOO, 111} C = {100, 011}
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